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Tensoes de Flexao em Barras (vigas)

Deformacao do segmento 1J
MN =pA¢
[T =(p-y)Ag

Compresao

Eixo Neutro
(deformacao nula)
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Tensoes de Flexao em Barras (vigas)

Deformacao longitudinal Deformacao cisalhante
I 44 I 44 4 1
. :[J—]J:]J—MN g}g}:ay/xy:()
. 1J M'N’
MN =pA¢
[T =(p—y) A Simetria (flexdo pura)

Jo, dx
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Tensoes de Flexao em Barras (vigas)

Curvatura A curvatura no ponto B €
definida como:
0,
k=2 1im 22 _jim L

Para w’ <<'1
. d?w
~ dx?
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Tensoes de Flexao em Barras (vigas)

TensOes Normais de Flexao
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Teoria da Elasticidade

Problema

Corpo sujeito a agao de
esforcos externos (forgas,

momentos, etc.) F
Determinar
» Esforcos internos (tensoes)

F6

e Deformacoes

 Deslocamentos
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Teoria da Elasticidade

* Relacoes entre deslocamentos e deformacoes

( 0
u 1 1(0u, Odu,
— X E =— = — +
exx_ax ¥ 2}/@ 2K8y Bx]
. du,, 1 _lfaux du,
>y =270 T

Mecanica dos Solidos Il



Teoria da Elasticidade

e Relacgdes constitutivas (tensao vs. deformacao)

O 0}
E E E Y2G
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g =—y XX 4 Yy —V zz _I_aAT gxz — Xz
> E E E 2G
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Teoria da Elasticidade

* Equacgdes de Equilibrio

=4+ +—==0
ox dy oz

Jo,, dJdo,, . J0,. 0
ox dy oz
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Teoria da Elasticidade

e 15 Equacoes
— Equilibrio (3)
— Deformacao vs. Deslocamentos (6)
— Tensao vs. Deformacao (6)

e 15 Varnaveis: F,
Uy, U, U,
0.,0,,0.,0,,0.,0,
Er€yrE..,E,E L E,

e Condicoes de contorno
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Teoria de Vigas

e
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Teoria de Vigas
u,(x,0) = u(x)

Hipotese Cinematica
u_(x,0) =w(x)
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Teoria de Vigas
u,(x,z) =u(x) —z@(x)

Hipotese Cinematica
u_(x,z)=w(x)
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Teoria de Vigas

u (x,z)=u(x)—z w
Teoria de Bernoulli-Euler { " *777 dx
| u,(x,z) = w(x)
Az . — d_W
N dw
00 g
...... x»
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Teoria de Vigas

Definicao de Esforcos Generalizados

O Esforco Normal
—— O, N
._._._._._._._._._._._._._.E: ____________ X I][”:> _ . A ﬁ_ - X
N=|o, dd
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Teoria de Vigas

Definicao de Esforcos Generalizados

dN =0, (z) dA

O Momento Fletor . I

il
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Teoria de Vigas
Definicao de Esforcos Generalizados

O Esforc¢o Cortante

| . ’
__________________________ 'TL'—'—'—'—'—'—'—'—*X |]|]|:> e e
!
f
v =|o, d
A
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Teoria de Vigas

Equilibrio (Tensao Plana)

o = ()
%) %)

0, o0, , BBB
ox dz

J aO'xX 4 aO'xZ 4=0
ox 0z
JZ BO'XX + BO'XZ 4=0
ox oz
J il +80'ZZ U= 0
ox 0Oz
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Teoria de Vigas

Equilibrio (cont.)

0x d

A

| 99 14 = n(x)

w02

logo

J' aamao-xz =0 =
ox 0z

PUC

RIO

o, . _d _dN
[Zda= x!axdi—
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Teoria de Vigas

Equilibrio (cont.)

jza"wﬁijz%m:dﬂ

Jox dx *, dx
JzanZdAz—V

b oz

logo

E 90: 9% Vo = | _pyi=0
| Ox 0z dx
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Teoria de Vigas

Equilibrio (cont.)

ja"xz 1= (o d1=2"

Jox dx *, dx

| 9% 44 = g()

0z

logo

J- Jo,. +aO-ZZ A=0 = d—V+q(x)=O
'\ ox 0z dx
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Teoria de Vigas

Equilibrio

Extensao Flexao
(Esforcos Axiais) | (Esfor¢os de Flexdo)

—dM —V(x)=0
AN dx
—+n(x)=0
dx dav
—+q(x)=0
dx
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Teoria de Vigas

Deformacoes
Ju. du d’w

“ 20 9z ox
ou
g .=—-=0
zzZ aZ
Rela¢oes Constitutivas
2
o =Ee =M _pd”
dx dx
o =0

XZ XZ
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Teoria de Vigas

Relagdes Constitutivas em termos dos esfor¢os generalizados

d d*w d
N:{O'mdA:JE—M —;’1‘2 " dz
M=|zo, dd= sz dA-[ 2" E cjzvdA:—E[f;W

dx X X

A A

onde / ¢ o momento de inércia da secao transversal da viga:
1 :j z*dA
A
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Teoria de Vigas

Momento de Inércia

Secao Retangular

LI

bk

J=—_
12

PUC

[ =

!

z*dA

Secao Tubular
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Momento de Inércia

Secao Tubular

p 1=z —(-20)"

1_7TD41 (1 Zt) 1tD4 ]
Para D >> ¢ Y ) ~
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Momento de Inércia
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Momento de Inércia
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Teoria de Vigas

e
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Teoria de Vigas

u (x,z)=u(x)—z w
Teoria de Bernoulli-Euler { " *777 dx
| u,(x,z) = w(x)
Az . — d_W
N dw
00 g
...... x»

Mecanica dos Solidos Il



Teoria de Vigas

Definicao de Esforcos Generalizados

O Esforco Normal
—— O, N
._._._._._._._._._._._._._.E: ____________ X I][”:> _ . A ﬁ_ - X
N=|o, dd
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Teoria de Vigas

Definicao de Esforcos Generalizados

dN =0, (z) dA

O Momento Fletor . I

il
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Teoria de Vigas
Definicao de Esforcos Generalizados

O Esforc¢o Cortante

| . ’
__________________________ 'TL'—'—'—'—'—'—'—'—*X |]|]|:> e e
!
f
v =|o, d
A
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Teoria de Vigas

Equilibrio (Tensao Plana)

o = ()
%) %)

0, o0, , BBB
ox dz

J aO'xX 4 aO'xZ 4=0
ox 0z
JZ BO'XX + BO'XZ 4=0
ox oz
J il +80'ZZ U= 0
ox 0Oz
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Teoria de Vigas

Equilibrio

Extensao Flexao
(Esforcos Axiais) | (Esfor¢os de Flexdo)

—dM —V(x)=0
AN dx
—+n(x)=0
dx dav
—+q(x)=0
dx
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Teoria de Vigas

Deformacoes
Ju. du d’w

“ 2l 9z ox
ou
g =—==0
zzZ aZ
Relacdes Constitutivas: ESTADO UNIAXIAL DE TENSOES
2
o =Ee =M _pd”
dx dx
o_=2Ge_=0
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Teoria de Vigas

Extensao Flexao
(Esforcos Axiais) (Esforcos de Flexao)
—+n(x)=0 .
dx dv
du d_ + Q(.X) =0
N — EA d_ % )
x
M=—Er %Y
dx
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Tensoes de Flexao em Barras (vigas)

Deformacao do segmento 1J
MN =pA¢
[T =(p-y)Ag

Compresao

Eixo Neutro
(deformacao nula)
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Tensoes de Flexao em Barras (vigas)

Deformacao longitudinal Deformacao cisalhante
I 44 I 44 4 1
. :[J—]J:]J—MN g}g}:ay/xy:()
. 1J M'N’
MN =pA¢
[T =(p—y) A Simetria (flexdo pura)

Jo, dx
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Tensoes de Flexao em Barras (vigas)

Curvatura A curvatura no ponto B €
definida como:
0,
, , k=2 i 22 gy =L
N 0 A-00'B  p
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Teoria de Vigas

Extensao Flexao
(Esforcos Axiais) (Esforcos de Flexao)
—+n(x)=0 .
dx dv
du d_ + Q(.X) =0
N — EA d_ % )
x
M=—Er %Y
dx
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Teoria de Vigas

Tensoes

Extensao
(Esforcos Axiais)

o

XX

Flexao
(Esforcos de Flexao)
d*w

dX_Z

M
ngx =—zF ZT
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Teoria de Vigas

Ex. 1 (flexao): Viga bi-engastada sujeita a
carregamento transversal uniforme

z T q(x) = —q = cte.
Ny
(w(0)=0
am _ Vix)=0
dx dw (0)=0
av dCorédigF)es dx B
= t 9
- g=0 e Contorno w(L) =0
M =—EI dzvzv D (Ly=0
X L dx
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Teoria de Vigas (Ex. 1 — continuac¢ao)

dM “
—=V(x)=0
- (x)
4 4
é—i—q =0 > = EI i’xzv =—q = w(x)=— 264]:251 +ex’ +eo,x’ +ex+te,
2
M=—Er4Y
dx
Utilizando-se as condi¢des de contorno:
I L
c,=0, ¢,=0, ¢c,=- c , © lzq—
24E1 12E1

)= {(;j } 2(2) ) [z”

Mecanica dos Solidos Il



Teoria de Vigas (Ex.1 — continuacio)

o401
24EI|| L L) \L
M) =g 4 9 HX] } 6[)6}1}
dx 12 L L
gL’

4
Ly Moy =mr)=9
384 FE] 12

w_ =w(L/2)=—

qlL

2
P para viga de secao tubular (D/t >>1)
T

max{o,|}=
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Teoria de Vigas

Extensao Flexao
(Esforcos Axiais) (Esforcos de Flexao)
—+n(x)=0 .
dx dv
du d_ + Q(.X) =0
N — EA d_ % )
x
M=—Er %Y
dx

PUC Mecanica dos Sélidos II
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Teoria de Vigas (Ex. 2)

Ex. 2 (flexao): Viga simplesmente apoiada sujeita a
carregamento transversal concentrado

d*w  q(x) 0, 0<x<L/2
4 ) Q(X)—
dx EI 0, L2<x<L

A funcao ¢g(x) nao esta definida em x = L/2
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Teoria de Vigas (Ex. 2)

Para 0<x<L/2

d*w

dx4

=0 = wXx)=cx’ +c,x"+cxte,

Para L/2<x<L

4
a’w_
- =

0 = wx)=d(L-x)+d,(L-x)"+d,(L—x)+d,

dx
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Teoria de Vigas (Ex. 2)

Condicoes de contorno

x=0

() w0)=0

(ii) M0)=0=w"(0)=0
x=1L

(i) w(L)=0
(iv) M(L)=0= w"(L)=0

Quatro condi¢des de contorno para oito constantes!

Deve-se considerar as condicoes de continuidade em x = L/2
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Teoria de Vigas (Ex. 2)

Deslocamentos e rotagoes devem ser continuos em x = L/2
w(L/2")=w(L/2")
w(L/2Y)=w(L/27)

Condig¢oes de continuidade para o esfor¢co cortante € momento
fletor sdo obtidas a partir do equilibrio de um elemento de
volume em torno do ponto x = L/2
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Teoria de Vigas (Ex. 2)

wer( [ ]

v(L/27)y M(L/2")

M(L/2Y-M(L/2)=0 = w'(L/2")=w"(L/2")
V(L/2DY-V(L/2)=P = w'"(L/2")-w""(L/27)=-P/EI
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Teoria de Vigas (Ex. 2)

@) MmM0)=0 = ¢, =0

(i) W(0)=0 = ¢, =0

(i) ML)=0 = d,=0

(iv) WwW(IL)=0 = d,=0

v) WL2)=wl/2) = dL/8+d,L/2=cL[8+c,L/2
(vi) wW(L2H=w'(L/2) = 3dI/4+d,=-3¢[4—c,
(vii) w"(L/2")=w'"(L/2") = 6d,L/2=6cL/2

(viii) w"'(L/2")-w""(L/2")=—P/E] = —6d,—6c,=—P/EI
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Teoria de Vigas (Ex. 2)

Resolvendo para as constantes:
(vii) = ¢ =d,
(vi)+(v) = ¢, =d,
i)+ (V) + i) = 3¢, L*/4+c,=0

(viii)+(vi) = ¢, =P/12EI, e c,=—PL*/16EI
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Teoria de Vigas (Ex. 2)
Solucao: ( pp3 { . oY)
- g gy Ny I
A8EI (L] (L)} O<x<L/2

w(x) =4
3 . . 3
_ 3 L-x —4 L-x , L[2<x<L
48 ET L L

} O0<x<L/2

2 2
P 22X | pa<x<t
16El L

A Mecanica dos Solidos Il

w'(x) =+




Teoria de Vigas (Ex. 2)
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Resultados Tabelados

5(.X) = 6E(:&L —X)

PP, P
e 3ET " 2FEI

_PrL?
mex 2FK7

_Pi’BL-a) o _PZ
max 6EI 2EI

Mx*?

2EI
_Mr ML
max 2E] max EI

o(x)=

Mecanica dos Soélidos i



Resultados Tabelados

WU _lf’ ________ - 5(X)=%(x2+6L2_4Lx)

l 5max qL4 QL3
" s =d g _9°
, 0., ™ T 8EI ™ 6EI
L(3L2x—4x3), x<L/2
P 5(x) = 48E1
/i 0max -
_— L [3pc—ap +8(x—£)3 x>L/2
" | O 6EI 2
L/2 L/2 J‘ 5 - pr’ %
™ 48EI mx T GET

2
o(x)= qL(L2 —2Lx* + x3)
24FE1

_ 5qL* _qr
ma T RGAR] ™™ 24F]
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