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Deslocamento

Y

Movimento de Corpo Rigido
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Deslocamento

Y

u(x,y,z) = uX (X, ‘y’;z)i +U, (X, Y,2) ] +U,(X,Y,2)k

- T

‘ X
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Deslocamento

Deslocamento € uma grandeza vetorial (o campo de
deslocamentos):

ux,y,z) =u,(x,y,2)i+u,(x,y,z) J+u,(X,y,2)k

u,, Uy, € U, sao as componentes do vetor deslocamento
nas direcoes x, y e Z.
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Deformacao — 1D

AL

Medidas de Deformacao

1) Lagrangeana

L. - L

g =——=AL/L,
2) Euleriana

g =——=ALJL,

f
3) Logaritimica

Lf
glog =1In T
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Deformacao — 1D

L. AL | Grandes
| deformacdes
| Pequenas
|_f deformacoes
g =—— T =AL/L, L | 10m | 1,0m | 1,0m | 1,0m
! L, 20m | 0,5m |1,001m|0,999 m
=L
e =T -=AL/L, g | 100% | -50% | 0,10% |-0,10%
f
1 Ec 50% | -100% | 0,10% | -0,10%
f
Elog = Ir{fj Eog | 69,3% |-69,3% | 0,10% |-0,10%
i

RI1O
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Deformacao — 2D — —
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Deformacao — 2D — —
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Deformacao — 2D — —

N
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Deformacao — 2D — —

Nao ha distorcao
do elemento
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Deformacao — 2D — —

Nao ha distorcao
do elemento
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Deformacao — 2D — —
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Deformacao — 2D — —
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Deformacao — 2D — —
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Deformacao — 2D — —

Ha distorcao no
elemento (cisalhnamento)
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Deformacao — 2D — —

Ha distorcéo no
elemento (cisalhnamento)
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Deformacao — 2D

Medida de Deformacao — Relacoes entre
deslocamentos e deformacoes
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Deformacao — 2D

Medida de Deformacao — Relacoes entre
deslocamentos e deformacoes

,,,,,,,,,,, .C’
) D i
HIPOTESE
: ; Pequenas
D C B Deformacoes e
A LT Rotacdes!
A B
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Deformacao — 2D

yA

—_
—_
—
—
—_
—_
—_
T
/_/

4

- C'
. AB'-AB
// gXX — Ilm
/,’ AX—0 AB
/// Br
. A'D'-AD
. =lim
W ay—0 AD

7,y = lim (/BAD- ZB'A'D')
Ay—0

» X
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Deformacao — 2D

Y 4 ¢

Deslocamentos
uA = ux(X’ y)l +Uy(X, y)J

U, =U, (X+AX, Y)I +uy(x+Ax, V)]

Uy =U (X, Y +AY)I+U, (X, Y +Ay) ]

» X
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Deformacao — 2D

D’ C

yA

e B’

HIPOTESE
Pequenas Deformacgoes
e Rotacoes!

A
\ 4

AX ux(x+Zx, y)
-~ X
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Deformacao — 2D

. A'B'—AB
g, = lIm
AX—0 AB
AB = AXx

A'B' =[Ax+u, (X+AX, y)|-u, (X, y)

u, (X+AX, y) = u, (X, y)+(0u, /OX) AX

A'B’ = [Ax+u, (X, y)+ (0u, /ox)Ax]—u, (X, y) = |Ax+ (éu, /ox) AX]

¢~ lim |Ax+ (Au, /ox)Ax]-Ax _ ou,
Ax—0 AX OX
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Deformacao — 2D

yA

uy (X, y +Ay)

Ay

u,(xy)

A B
HIPOTESE

Pequenas Deformacoes
e Rotacoes!

» X
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Deformacao — 2D

A'D'—AD
Eyy = = |lim
Ay—0 AD
AD = Ay

AD' = [Ay+u, (x, y +AY)]-u, (x, )

u,(x,y+Ay) = u,(x,y)+(0u,/oy)Ay

A'D' = [Ay+u (x,y)+(0u, /ay)Ay] u, (X, y)=[Ay+(auy /ay)Ay]
[Ay+(6uy /8y)Ay] Ay ou,

g, = lim

W Ay—0 Ay 8y
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Deformacao — 2D

yA

C’
D’
)
Dt €
N

7, = lim(£BAD-ZB'AD')=y,+7,

AX—0
Ay—0

/

» X
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Deformacao — 2D

_uy(x+Ax, y)—u,(X,Y)

D' C tany, = o
If u, (X+AX,y)—u,(Xx,y)
5
D ; & I/ Au(x+Ax )
A U, (. y) R
A B
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Deformacao — 2D
u, (X, y +Ay) —u, (X, y)

tany, =

Ay
T u(xy+AY) - (X,
— 4 (X, y+4y)-u,(X,y)
u,(x, y+4y) |/ D’ C'
ﬁ Ig.
U, (X, ) )
D e E B
/1
. U, (%, Y)
A B
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Deformacao — 2D

u, (X+Ax,y)—u,(X,Y)

y,=tany, = Ax
u, (X+Ax,y) =u,(x,y)+(0u, /Ox)AX
7,1:% ~ _du, ou,
ﬁx 7/xy_7/1+y2_§y+8x
u, (X, y +4y)—u,(X,y)
~tany, =
! )2 Ay
U, (X, Y +Ay) = U, (X, y) +(0u, /y) Ay
ou,
Vo=

oy

Mecanica dos Soélidos |



Deformacao — 2D

Medida de Deformacao — RelagOes entre
deslocamentos e deformacoes

-
-
-
-
-
-
-
-
-
-

AL
1 1,0u, 8u
gxy — _yxv — ( )
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Deformacao — 2D

Medida de Deformacao — Mudanca do sistemas
de coordenada

) g C ou;

X'X' aX,

X Gy = Y
!
A B _au, ou,
Yy = A T A
oy’ oX

-~ X
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Deformacao — 2D

Medida de Deformacao — Mudanca do sistemas

de coordenada

; _ouy  ou, ax+8u; oy
Tooox ox ox' oy ox
au’y ou, ax ou; oy
E ., =
YTy x oy 5y oy’
:@U;+5Uy:a“x 8x+auxé’y X , ouy ﬁy
7 xy /! ' N AN Ay A v :3’ N A
oy OA OAR Oy oy 0Oy OX OX oy OX’

RI1O
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Deformacao — 2D

X=X cosd—y'sing
y=X'sind+y'cosé
X o / X,
y
0 |
| - X
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Deformacao — 2D

V, =V, C0s@+V, sIing

/
X
’ -
LY v, =-V,sin@+v, cosé
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Deformacao — 2D

XX’

ou ou
— o, cos@+—2sind |cosd + o, cos@d+—2sind |sin@
OX OX oy oy

X c0s” @+—2Lsin’ 6 +
OX

ou ou
o [aux +—yj5in 6 cosé

oy  OX

Eyyw = £, COS" O+ £, SIN* O+, sindcosd

XX

E, & E, — & 1 i
£y = — ; L > o 00326’+§7/Xysm26’
E vy -I—Eyy E vy —Eyy i
E = + c0s20+¢,,SIn20
2 2 ’
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Deformacao — 2D

Medida de Deformacao — Mudanca do sistemas
de coordenada

E,, T& E, — & i
Epy =——2+——2200s20+¢,,5in20
2 2 !
g, +& E, — & i
£,y =——>———>00520—¢,,sin 26
2
1 Exx “Eyw .
grr:_}/rr:_ >~ Y S|n29+€ COSZQ
Xy 2 Xy 2 Xy
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Deformacao — 3D

Tensor de Deformacao

ou, ou,

Evy = ., =—
8)( yy ay
1 1,0u, 8u

:_7/xy ( y)
2 Zéw OX
O

17/ , 1 uy _|_ auZ
2" 2V oy

)=

XX Xy

Xy yy

Xz yZ

:E(&

XZ

Yz

7

1, 0u,

ou,
+—*)
OX
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Relacao Tensao vs. Deformacao

o

gxxzaxx—vi—vgzz +a AT g, :17/)( _ Y%y
E E E M Te

o
gyy:_v Gxx_l_ Yy _VGzz +a AT g, :17/)(2:0)(2
E E E 2 2G
o
6‘ZZ=—VGXX—V W Cu L o AT gyzzlj/yzz yz
E E E 2 2G
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Relacao Tensao vs. Deformacao

E

O, = L )-2) [(1+ V)Ew tVI(e, +&, ]
E

Oy = T l-2) [(1+ V)E,, V(e + 522)]
E

ou = ooy Ve VG +e,)]

=2Ge¢,
o =2Ge

XZ =

. =26¢,

“xz
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Medida Experimental de Deformacoes

Técnicas para medida de deformacéo
— Mecanicas
— Elétricas
— Opticas
— Acusticas
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Medida Experimental de Deformacoes

ExtensOmetros Elétricos Resistivos

Filme protetor

/ o = -~ Grid de material metalico

—

I‘---ane polimérico (base)

*\Jf

-l
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Medida Experimental de Deformacoes

i
4

i a s A
Vs PAPRY ar s ey e S oy
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Medida Experimental de Deformacoes

Extensometros Elétricos Resistivos
ExtensOmetros uniaxiais

il . L
> — H
p——F—7-— 'OA

R — Resisténcia elétrica
o — Resistividade

L — Comprimento do fio metalic

A — Area da sec&o transversal do fIO metalico
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Medida Experimental de Deformacoes

Extensometros Elétricos Resistivos
ExtensOmetros uniaxiais

L )
R=R(L, A p) =P 4
dR=L2dL+ Daar Rap dolp
o A op S,=1+2v + PIP
drR_dL dA+ do _ et do e
R L A p 0 /
dR S Efeito piezo-resistivo
- = 0 E
R )
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Medida Experimental de Deformacoes

Extensometros Elétricos Resistivos
ExtensOmetros uniaxiais

.c—"
g

|

e

AR

1
wn
™
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Medida Experimental de Deformacoes

Extensdmetros Elétricos Resistivos

Gage Factor

Material (So)
Platina (Pt 100%o) 6.1
Platina-lIridio (Pt 95%, Ir 5%) 5.1
Platina-Tungsténio (Pt 92%, W 8%) 4.0
Isoelastic™ (Fe 55.5%, Ni 36% Cr 8%, Mn 0.5%) * 3.6
Constantan™/Advance™/Copel ™ (Ni 45%, Cu 55%) * 2.1
Nichrome V™ (Ni 80%, Cr 20%) * 2.1
Karma™ (Ni 74%, Cr 20%, Al 3%, Fe 3%) * 2.0
Armour D™ (Fe 70%, Cr 20%, Al 10%) * 2.0
Monel™ (Ni 67%, Cu 33%) * 1.9
Manganin™ (Cu 84%, Mn 12%, Ni 4%) * 0.47
Niquel (Ni 100%) -12.1

Fonte: http://www.efunda.com/designstandards/sensors/strain_gages/strain_gage_sensitivity.cfm
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Medida Experimental de Deformacoes

Extensdmetros Elétricos Resistivos

Ponte de Wheatstone (1/4 de Ponte)

. A—;:Sgg

m,_/\ﬁﬁg R =R,=R;=R
Virg 3 E/L VouT ﬂ>|:: Rg:R-l‘AR
: AN

H;H\/IFR] AV =V IN = _1 = —V N AR
X 2+AR/R 2 4 R
YourT = ViN :Ep.s'nl l:t;;t:;I e~ _ 4AV

SeVin
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Medida Experimental de Deformacoes

Extensometros Elétricos Resistivos
ExtensOmetros triaxiais (rosetas extensometricas)

Eb\ ‘Y
E m e
x B
: W) X
O

E,, — &
£(0) = ——>+——2>c0s20 +¢,,sin 20
2
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Medida Experimental de Deformacoes
Roseta a 45°

Y a
&g = &(45°)

X

gA — g(oo) — gxx

&. = &(—45°)

E,., t+& E,, — &
g(0) = XXZ Yoy XXZ 205260 + ¢, 5in 26
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Medida Experimental de Deformacoes

Roseta a 45°

E, T+ & Ey— €& . Ey, T &
gy =——L+—"—2¢05(90°) +¢&,,5in(90°) =——L + &
2 2 2
E, T+ E Ey— €& . E, T &
gn=— WA W e0ag(—90°) + £, SiN(-90°) =2 ¢
C 2 2 Xy 2 Xy

g = £(45°) _
% Exx = En
X Ey = &gt & — &)

., y

gA = 8(00) = gxx
&g~ &
gx —
y
& = &(—45°) 2
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Deformacao — 3D

gxx gxy
Tensor de Deformacao |£]= Exy  Cy

_gﬂ gw

ou, ou, ou,

Exx = Eyy =~ u =
OX Yooy 0z
1 1 du, 8u 1
:_7/xy ( y) _Ej/xz
2 éy OX
O
17/ , 1 uy + auZ
2"V 2% &y oy

:E(&

XZ

Yz

7

1, 0u,
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Relacao Tensao vs. Deformacao

el de Hooke Generalizada
— Material Isotrépico
— Material Elastico
— Material Linear
— Pequenas Deformacoes
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Relacao Tensao vs. Deformacao

Ensaio de Tracao

Figuras reproduzidas de:
Beer, Johnston & DeWolf, Mechanics of Materials, 4t ed., McGraw-Hill, 2002
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Relacao Tensao vs. Deformacao

Ensaio de Tracao

(98 ________________ i Rupture 0"6 8 _______________ Rupture
| = -
| | I
— 40 | | = 40 |
é Ty | i : =~ Oy |
S i | 95 s | 7
|
20 i | 20 ! |
. R P : |
r I*Yieldi Strain-hardening I\IeckinglJ i E
l | { A . R
€
P 0.02 02 025 { 0.2
0.0012 0.004
(a) (b) (a) Low-carbon steel (b) Aluminum alloy

Figuras reproduzidas de:
Beer, Johnston & DeWolf, Mechanics of
Materials, 4t ed., McGraw-Hill, 2002
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Relacao Tensao vs. Deformacao

Ensaio de Tracao

Rupture
o 7= a e o

€

Fig. 2.11 Stress-strain diagram for a typical
brittle material.

Figuras reproduzidas de:
Beer, Johnston & DeWolf, Mechanics of
Materials, 4t ed., McGraw-Hill, 2002
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Relacao Tensao vs. Deformacao

Relacao entre Tensao e Deformacao
o =F/A

Regime
Elastico

= JlL
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Relacao Tensao vs. Deformacao

Deformacao longitudinal

Rl
L [a-ok

P ifLO+AL4{
—L —
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Relacao Tensao vs. Deformacao

Deformacao transversal
g =AD/D,

D AD/D, = —v(AL/L,)

:) g =—ve, =—v(o/E)

D, +AD

—

 —
—L
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Relacao Tensao vs. Deformacao

Estado uniaxial de tensao (direcao x)

A Z

P i

P[J(~~ Mecanica dos Sélidos |
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Relacao Tensao vs. Deformacao

Estado uniaxial de tensao (direcao x)

AL
O
gXX — -
E
O
Eyy =V EXX
O
Ep =7V -~
E

P[Jﬁ( Mecanica dos Sélidos |



Relacao Tensao vs. Deformacao

Estado uniaxial de tensao (direcao y)

Yz

X

S

PUC
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Relacao Tensao vs. Deformacao

Estado uniaxial de tensao (direcao y)

o
Pz £ = —V—EW
_ %
Eyy = E
%
g, =-v—
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Relacao Tensao vs. Deformacao

Estado uniaxial de tensao (direcao z)

7 A

> Y
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Relacao Tensao vs. Deformacao

Estado uniaxial de tensao (direcao y)

z 4 o
o Exx =V -
22 E
O
_ 27
Ey ="V
E
< _ 0y,
7
E
> Y
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Relacao Tensao vs. Deformacao

Estado triaxial de tensdo (emprega-se o principio
da superposicao):

A Z
o o o
£, = XX _ 1 W_V 27
E E E
o o o
gyy__v XX W_V 2z
E E E
o o o
Ep =7V .—XX -V .—yy+ .—ZZ
= = =

P [JH([.; Mecanica dos Sélidos |



Relacao Tensao vs. Deformacao

Cisalhamento puro (plano xz)

\ 4
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Relacao Tensao vs. Deformacao

Cisalhamento puro (plano xz)
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Relacao Tensao vs. Deformacao

Cisalhamento puro (plano yz)

\ 4
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Relacao Tensao vs. Deformacao

Cisalhamento puro (plano yz)

Mecanica dos Soélidos |



Relacao Tensao vs. Deformacao

Cisalhamento puro (plano xy)

\ 4
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Relacao Tensao vs. Deformacao

Cisalhamento puro (plano xy)
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Relacao Tensao vs. Deformacao

Empregando o principio da superposicao:

gxy —

Exp =

Eyz —

1 o,
2" "G
1 o,
27275
1 o,
277 "G

Mecanica dos Soélidos |



Relacao Tensao vs. Deformacao

Acoplamento

entre tensoes Y
longitudinais e T
deformacoes
cisalhantes b
C
GXX
GXX
\
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Relacao Tensao vs. Deformacao

Supondo-se que
exista o acoplamento: T y

_y
L
—y
—y
L
-y
L

N
/
A\
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Relacao Tensao vs. Deformacao

Considerando uma
rotacao do bloco de y
180° em torno de x: T

XX

él O

i 180°

/\/\%X
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Relacao Tensao vs. Deformacao

Material € isotropico,
logo a deformacao y
cisalhante deveria ser T

idéntica a verificada —
antes da rotagic/ 7 <0

o - o

XX E ’/
180°
/ C
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Relacao Tensao vs. Deformacao

Para materiais i1sotropicos, tensdes normais nao
produzem deformac0oes cisalhantes. Pode-se mostrar
que tensdes cisalhantes também nao produzem
deformacoes longitudinais.

\\

i e ) & e BN

1
!
!
!
oY
\

-~
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Relacao Tensao vs. Deformacao

EquacOes constitutivas para material isotropico, linear
(pequenas deformacoes) e elastico

O O O 1 O
2 2G
o, O o 1 o
gyy — X y 2z £, ==V, = Xz
E E E 2 2G
o o o) 1 o
g, =—V XX _ 1/ Yy 42z gyz — 7/yz —_ ¥
E E E 2
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Relacao Tensao vs. Deformacao

Considerando variacoes de temperatura:

O
XX yy 7Z
=Xy Xy T2 L g AT
E E E
o O o
g, =—V-—2+ Yy =2 4 aAT
E E E
O O o
g =—v—2_y 172 Lo AT

RI1O

_ 1 GXY

Xy ~ 57/ Xy ZG

s = 1 y Oy,

XZ 2 XZ ZG

& :17 Oy

272G
E
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Equilibrio
* Equacoes de Equilibrio

oo,, 00, Oo
_|_

XX i XZ :O
OX oy 0z

00, . 0o, N oo, o
OX oy 0z

aO-xz : 80'yz , aO-zz N
T T — VvV

OX oy 0z
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Teoria da Elasticidade

Problema 3

Corpo sujelto a acao de
esforcos externos (forcas,
momentos, etc.) i

Determinar
 Esforcos internos (tensoes)

e Deformacoes )
e Deslocamentos

Mecanica dos Soélidos |



Teoria da Elasticidade

* Equacoes de Equilibrio

oo,, 00, Oo
_|_

XX i XZ :O
OX oy 0z

00, . 0o, N oo, o
OX oy 0z

aO-xz : 80'yz , aO-zz N
T T — VvV

OX oy 0z
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Teoria da Elasticidade

* Relac0es entre deslocamentos e deformacoes

ou,
8XX —

OX

8uy
8yy o ay

ou,
822 — A

1

gxy :E}/xy —
1

€y ZE}/XZ —
1

gyz :Eyyz —

1(ou, Ou,
2

Mecanica dos Soélidos |



Teoria da Elasticidade

* Relac0Oes constitutivas (tensao vs. deformacao)

5XX:GXX—\/&—VGZZ+05AT g = 2w

E E E Y26

EW:—VGEXX+%—VCEZ+05AT gxzzgé

EZZZ—VUEXX—VGEW-I-GEZZ-I-OKAT gyZ:Z(y;
G E
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Teoria da Elasticidade

« 15 Equacoes
— Equilibrio (3)
— Deformacao vs. Deslocamentos (6)
— Tensao vs. Deformacao (6)

e 15 Variaveils: .
Uy, Uy, U,
O yx s O-yy’ O O-xy’ Oz O-yz
& gyy’ €2 8xy’ €z 8yz

e Condicoes de contorno

RI1O
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